The paper provides a deepened insight into the role of anisotropy in the analysis of residual stresses in arteries. 2016.0620)) on both mechanical and structural properties of the different layers of the human abdominal aorta facilitate our discussion on (i) the importance of anisotropy in modelling residual stresses; (ii) the variability of residual stresses within the same class of tissue, the abdominal aorta; (iii) the limitations of conventional opening angle method to account for complex residual deformations; and (iv) the effect of residual stresses on the loaded configuration of the aorta mimicking in vivo conditions.
Introduction
Residual stresses are known to be essential in maintaining the homeostatic state in arteries [1, 2] . According to Fung [3] , 'an implication of the residual stresses in arteries is to make the stress distribution more uniform in the vessel wall in normal condition'. They also play a key role in how arteries adapt to altered conditions in their mechanobiological environment including pathological changes such as aneurysm development [4] .
The conventional approach for detecting and investigating residual stresses is the opening angle method [5] . According to this method, thin circumferential rings from an artery are cut allowing them to open into sectors revealing the presence of stresses even in load-free states. The opening angles that are measured with this method are used in analytical models of the inverse problem, i.e. closing of a sector into an intact tube, to derive residual stresses [6] .
When deriving residual stresses analytically, assumptions on the constitutive model of the arterial tissue must be made. The majority of studies in the literature adopts homogeneous and isotropic nonlinearly elastic material models. However, it is well known that arteries have a complex multilayered wall with a distinctive direction-dependent microstructure in each layer characterized by different amounts and distributions of the two main load-bearing components-collagen and elastin [7] . Layers were tested separately in [8, 9] for ascending thoracic aortic aneurysms, in [10] for descending thoracic aortas, in [11] for coronary arteries, in [12, 13] for carotid arteries and in [14] for thoracic and abdominal aortas. The microstructure was also studied for individual layers, see, for example, [15] for coronary arteries and [16] for thoracic, abdominal aortas and common iliac arteries. Several studies provide a comprehensive analysis of both mechanical and microstructural properties of layers, separately-see [17] for healthy abdominal aortas/aortic aneurysms, and [18] for ascending thoracic aortic aneurysms. Significant mechanical differences are reported as a function of the layers, justifying their separate investigation.
The emphasis on considering the individual layers is evident in the residual stress literature as well, with published models considering multi-layer [19] and anisotropic [20 -22] properties. Anisotropy is still often neglected because it is commonly associated with collagen fibres that start bearing loads only at larger strains, while elastin fibres, considered primarily isotropic, are dominant at smaller strains [23] and are assumed to be responsible for residual stresses [24] . Mechanical behaviour was observed to be anisotropic even at smaller strains [25, 26] , which is related to the anisotropy of the elastin fibres observed microscopically [27] and experimentally through tests on isolated elastin [28] [29] [30] .
Another argument supporting the anisotropic nature of residual stresses derives from experimental observation of residual strains in both directions, axial and circumferential, when strips of tissue are obtained along the circumference and along the longitudinal axis of the artery [24, 31] . Following this observation, layer-specific axial and circumferential residual strains were measured for carotid arteries [12] and abdominal aortas [32] in humans. A similar study looked at thoracic porcine aortas [33] . In summary, these studies revealed the presence of different residual strains for the different layers-with predominant residual deformations in circumferential or axial direction depending on the layer. It is clear that analytical models of the opening angle accounting only for circumferential strains are not sufficient to reflect these phenomena. In response to this need, in [34] the authors have introduced a three-dimensional multilayered model of residual stresses accounting for both circumferential and axial residual deformations, albeit modelling all layers using neo-Hookean isotropic materials.
In this work, we extend the mathematical model from [34] to the anisotropic case using the recently introduced material model from [35] . Previsouly, Zheng & Ren [36] used a simpler anisotropic constitutive modelling but did not discuss in details or simply missed vital physiological aspects and implications of the anisotropy effect as well as the role of elastin/collagen. Moreover, geometrical, mechanical and microstructural parameters for the model [36] were obtained from different types of blood vessels. By contrast, our work seeks to explain the nature and function of residual stresses and anisotropy using a three-dimensional multilayered anisotropic model of residual stresses for the abdominal aorta from [34] , its typical geometrical data from [32] , and its typical mechanical/microstructural data from [17] . This allows for a deepened insight into the role of anisotropy in the analysis of residual stresses of the abdominal aorta.
As a first case, the abdominal aorta was selected for two main reasons. First, the abdominal aorta appears to be more prone to significant age-related changes on average than other segments of the aorta [37] . Other studies of age-related mechanical changes in the aorta can be found in [38] [39] [40] . Second, the effect of flow disturbances in the abdominal aorta due to the renal and iliac bifurcations may cause regional heterogeneity in the mechanical properties, which may trigger a remodelling process leading to atherosclerosis and/or aneurysm development.
Anisotropic material model
To describe the anisotropic response of each aortic layer and account for both in-plane (circumferential-axial plane with unit vectors E 1 and E 2 ) and out-of-plane (through the thickness or along a unit vector E 3 ) collagen fibre alignments, we will use the recently introduced material model documented in [35] . This model requires both microstructural analysis and mechanical test data to achieve an accurate description of cardiovascular tissues. In the following paragraphs, we provide a brief description of the model [35] .
First, three-dimensional microscopic images are analysed with the help of advanced digital image processing techniques yielding both in-plane and out-of-plane fibre orientations. Von Mises distribution functions are fitted to these data yielding mean in-plane fibre direction a (angle with respect to E 1 ), and two scalar quantities k ip and k op describing the dispersion of fibres in-plane and out-ofplane, respectively (see more details and a representative example of the aortic microstructure in electronic supplementary material, §1). Then, assuming that there are two symmetric 'in-plane' fibre families in a sample, we introduce the following vectors along the mean fibre directions and along the thickness
These vectors along with the structural dispersions k ip and k op allow the definition of generalized structure tensors describing the fibre alignment in a soft tissue, i.e.
where A ¼ 2k op k ip and B ¼ 2k op (1 2 2k ip ). Introducing the deformation gradient F and the right Cauchy -Green tensor C ¼ F T F, and assuming that the tissue is purely elastic, incompressible and fibre reinforced, the material can be modelled using the strain-energy function (SEF) [35] :
where
Green -Lagrange strain quantity interpreted as an average fibre strain and I 1 , I i , I n are invariants given by
The invariants I i and I n represent the squares of the stretches in the corresponding directions M i and M n , i ¼ 4, 6. Thus, only the second term in equation (2.3), i.e. C 2 , is associated with the anisotropic behaviour of soft tissues. We have dropped the anisotropic terms for I 4 , 1 or I 6 , 1.
The parameters c, k 1 of stress-dimension and the non-dimensional constant k 2 in equation (2.3) were derived for tissues of interest via the following procedure. Biaxial or uniaxial tensile mechanical tests were performed on a statistically relevant number of samples and used to obtain stress-strain curves [41] . In biaxial tests, a square sample was cut from the tissue and simultaneously extended in two directions along its sides with different tension or strain ratios. In uniaxial tests, two strips, cut along the circumferential and the axial directions of the tissue, were tested separately. From each test, two stress-strain curves describing material response in the circumferential and the axial directions were obtained. The deformation in both experiments can be described via simple deformation gradients F. Thus, given the SEF, it is trivial to derive the stresses as functions of the strains and unknown material constants from the experimental data via curve fitting.
For equation (2. 3), the second Piola -Kirchoff stress tensor can be expressed as
where p is the Lagrange multiplier to ensure incompressibility and
and c
The corresponding Cauchy stress tensor s is related to the second Piola-Kirchoff stress tensor via s ¼ FSF
T
. Parameters c, k 1 and k 2 can then be obtained from the fitting.
Three-layered aorta model considering residual stresses
The aorta can be regarded as a composite, consisting of three distinct layers, intima, media and adventitia, which are significantly different from each other structurally, mechanically and functionally. Not surprisingly, each layer is associated with different residual stresses when separated from the composite structure. A variety of approaches was introduced to measure residual stresses [42] . For the experiment conducted by Holzapfel et al. [32] , rings (circumferential strips) and axial strips were cut from human abdominal aortas, and subsequently glued to cylindrical plastic tubes. After 16 h, when all strips were left with only the stresses due to the connection between layers, the layers in these strips were separated and all glued to tubes again. It was assumed that after 6 h in tissue bath, the layer strips were stress-free and their geometry could be considered as undeformed. This experiment clearly demonstrated that different layers exhibit both axial and circumferential kinematic changes upon release of residual stresses. The analytical model to approximate these residual deformations was reported in [34] . Based on experimental observation from [32] , for the sake of analytical modelling, in [34] it was assumed that each layer undergoes either only axial changes or circumferential ones, depending on which ones appeared more significant from the experimental tests. In [34] , the layers were modelled using a neo-Hookean material model ignoring possible effects associated with the anisotropic and fibrous nature of the intima, media and adventitia. Here, we analyse the influence of anisotropy on the residual stresses in the different layers of the aorta. To do this, we introduce the mean fibre directions and the associated anisotropic strain invariants.
In order to describe the undeformed (residual stress-free) geometries of interest we need common cylindrical coordinates fR, Q, Zg and Cartesian coordinates fX, Y, Zg in the reference configuration together with the corresponding orthonormal bases {E R , E Q , E Z } and fE X , E Y , E Z g. Similarly, the coordinates fr, u, zg will be used to describe deformations in the basis {e r , e u , e z } in the current configuration (configuration with residual stresses).
Kinematics
Intima (I). The intimal axial strip remains relatively straight after the residual stresses are released, while its circumferential strip opens [32] . Thus, for the intimal layer, the axial residual strains were neglected. The corresponding opening angle for the intima in the undeformed state is 2a (I) 0 (as shown in figure 1a) , and its reference geometry is given by
The resulting intimal (inner) ring geometry, as a part of the composite aorta (figure 1d), is
2)
The deformation field necessary to map an initial circumferential strip into the closed ring is as follows:
z Z:
Here, the incompressibility condition was used to determine r ¼ r(R). Also, l
is a constant stretch in the axial direction and
0 ) is the opening angle measure. The deformation gradient can be written as
Since F (I) is diagonal, the left Cauchy -Green tensor
T has the same diagonal elements as C (I) , and the principal stretches in the radial and the circumferential directions are
Subsequently, the right Cauchy -Green tensor can be expressed as
Now we will proceed to the portion of kinematics that will be new with respect to [34] as we would like to account for anisotropy as in [35] . To do this, let us consider a plane square element from an undeformed intimal strip (figure 1a). Assuming there are two symmetric fibre families in the intima, let us denote the mean fibre directions as M all the invariants necessary to account for the microstructure in modelling residual stresses in the intima, i.e.
The invariants I (I)
, I
(I) 6 and I (I) n capture the anisotropic behaviour of the intimal layer as they represent the squares of the stretches in the corresponding fibre directions.
Media (M).
Both axial and circumferential strips of a medial layer undergo noticeable deformation when residual stresses are released. The circumferential strip is slightly everted, when it is opened, while the axial strip bends into a sector [32] . Moreover, the bending occurs in the out-of-plane direction with respect to the initial composite aorta. In order to model this complex deformation analytically, we assumed that the circumferential strip is straightened, rather than everted. In accordance, the medial deformation was modelled considering the axial strip only, whose stress-free bent geometry is shown in figure 1b and is given by
In the deformed state, the axial strip will occupy the following space in the aorta composite (figure 1d )
The axial strip deformation can be written as
0 ) is the opening angle measure. We can observe that the circumferential side of an undeformed strip denoted by
0 )R, (figure 1b), will become an axial side of a strip in the current configuration l (M) (figure 1d ), while the axial side L (M) , in turn, will become the circumferential side s (M) ¼ br, which are reflected in the dependencies u ¼ u(Z ) and z ¼ z(Q). Besides, one should note the negative sign for coordinate z. This is due to the fact that bending occurs in the out-of-plane direction with respect to the initial composite aorta. The corresponding deformation gradient is as follows:
pR e z E Q :
It should be noted that F (M) is not diagonal and the CauchyGreen tensors C (M) and B (M) will have different components along their diagonals. Particularly their axial and circumferential components will be switched. Consequently, the principal stretches should be calculated with respect to the current configuration, i.e. with respect to B (M) . Accordingly, 
while C (M) , written in the form of the principal stretches for the current configuration, is
In contrast to [34] , we assume there are out-of-plane and two symmetric in-plane families of fibres in the medial layer. In order to capture the anisotropic behaviour of the media, let us introduce the following vectors on a plane square element from an undeformed medial strip (figure 1b): mean in-plane fibre directions M n , assumed to be pointing along the sample thickness, all given by
It should be noted that the mean in-plane fibre directions compose angle a (M) with the axial direction E Z , not with E Q , because, after the deformation, the side of the sample along E Z will lie along the circumferential direction e u . Then, the invariants look as follows:
and
Adventitia (A). In the adventitia, the axial strip in a stressfree state remains the same, while the circumferential strip straightens and turns into a plane sheet [32] . Thus, a problem of bending of a rectangular block can be used to model the deformation of the circumferential strip, while axial deformations can be neglected in our model. The plane adventitial sheet in the reference configuration can be described with the following geometry (figure 1c)
(3:16)
After deformation, the adventitia constitutes the outer ring of the composite aorta (figure 1d), described by 17) and mapped from the reference configuration with the help of the following deformation field
Here, l
3 is an axial stretch and it is uniform for the layer. The deformation gradient is
It has a diagonal form so that C (A) and B (A) have the same diagonal elements ( principal stretches) (3:20) and
As before, we use a plane square element from an adventitia plane sheet (figure 1c) to introduce two mean fibre directions M (A) 4 and M
6 , the angle they make with the circumferential direction E Y and an out-of-plane vector M (A) n , pointing through the sample thickness, i.e. 3:22) to describe the fibre alignment in a sample and find all relevant invariants, i.e.
and 
and s
The terms with c
in the stress components are associated with the anisotropic term C 2 of the SEF (2.3).
Equilibrium equations 25) for the intimal and the adventitial layers together with the conditions of no stresses on the inner and outer surface of the composite artery s 
rr (a (M) ) and s
rr (a (A) ). One of them gives p (M) as functions of the radial coordinate r, while the remaining one has to be satisfied (for details see electronic supplementary material, §2). Maple (Maplesoft) was used to derive all symbolic expressions in the boundary-value problem. These expressions were then transferred to Matlab (MathWorks) for the numerical solution.
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Numerical analysis
In this section, we use the proposed three-layered model to investigate the residual stresses of the abdominal aorta. First, we report the geometrical, structural and mechanical parameters used in the numerical simulations. Then, we present selected numerical results to highlight the relevance of the proposed model and the importance of anisotropy in modelling residual stresses.
Geometrical parameters
The experiments described at the beginning of §3, were performed on abdominal aortas (with no traces of atherosclerotic plaques), taken from 11 individuals of different sex aged from 36 to 74 years [32] . Image processing techniques were used to measure the geometry of the intact aortas as well as the stress-free axial and circumferential strips taken from different layers. Subsequently, the mean geometrical values were calculated as detailed in [34] . We borrowed these values for our numerical analysis (table 1) . In the intimal layer, all geometrical parameters required to describe the deformed and the undeformed geometries (figure 1), can be measured, with the exception of b
, its outer radius in the composite aorta. Similarly, for the adventitial layer, its inner radius a (A) is difficult to measure. However, we can determine both values from the deformation fields equations (3.3) 1 and (3.18) 1 as
Next, in the media, both inner and outer radii, when part of the aorta composite, are unknown. However, the corresponding interface radii should match with the radii of the intimal and adventitial layers so that
. Also, to ensure radial equilibrium and to satisfy the kinematical condition, b and l (M) are not fixed. One relation between them can be determined from equation (3.10) 1
2 )
while the second one can be taken from the second stress-interface condition. All geometrical parameters are thus determined. Table 1 . Values used for the numerical simulations of the abdominal aorta behaviour. Geometrical parameters are taken from [34] , but originally they come from [32] ; structural and mechanical parameters are taken from [17] . The quantities Q 1 , Q 2 and Q 3 denote, respectively, the first, the second (median) and the third quartiles of the corresponding dataset.
tissue parameters 
Structural and mechanical parameters
In [17] , the microstructure of 17 abdominal aortas with no traces of atherosclerotic thickening was investigated (aortas were taken from 7 women and 10 men; aged 45-84 years; 63 + 11 s.d.). Structural parameters, particularly the mean in-plane fibre direction a, and the in-plane and out-of-plane fibre dispersions k ip and k op , were determined for the individual layers by averaging along the thickness, as described in §2. Descriptive statistics for the samples extracted from 17 aortas are reported in table 1. One can observe that healthy abdominal aortas have a very specific structure with a mean in-plane fibre orientation a close to the circumferential direction in the media and the intima, and close to the axial direction in the adventitia. Values of dispersion k op reveal that fibres are barely present in the out-of-plane direction, while significant dispersion can be seen in-plane (k ip ).
Samples from the same abdominal aortas were carefully dissected into the separate layers and tested mechanically on a biaxial testing machine. Stress-strain curves for four samples from the intimal layers, nine samples from the medial layers and nine samples from the adventitial layers were successfully derived. Then, the mechanical parameters c, k 1 and k 2 were determined for the SEF in equation (2.3). Data from [17] are summarized in table 1.
Numerical results
This subsection examines how anisotropy influences residual stretches and residual stresses of non-pressurized and pressurized non-homogeneous (multilayered) healthy abdominal aortas. We illustrate the variety of residual stresses exhibited by the same class of tissue within its structural and mechanical parameters' interquartile interval. Finally, we address the differences between the residual stresses originating from our complex three-dimensional multilayered model and from the classical homogeneous opening angle model.
Influence of anisotropy
Several researchers assume that anisotropy offers no contribution (or only a minor one) to the residual stresses in the aorta. Indeed, anisotropy is mostly attributed to collagen while residual stresses are assumed to originate from the isotropic ground matrix, which is composed mainly of elastin fibres. Accordingly, in the suggested SEF, term C 1 , see equation (2.3), refers to a contribution from elastin and C 2 to a contribution from collagen. Therefore, let us start with a comparison of residual stretches and stresses based on the SEFs C ¼ C 1 (isotropic) and C ¼ C 1 þ C 2 (anisotropic), to investigate the influence of the anisotropic term C 2 .
Let us consider an abdominal aorta, whose deformed and undeformed geometries can be described with the mean values from [32] , and whose layers can be modelled with the median values Q 2 of the structural and mechanical parameters from [17] (table 1) . Figure 2a depicts the principal stretches across the thickness of the abdominal aorta. Because of the specified kinematics of the individual layers in our model, all principal stretches in the intima and adventitia int.
adv.
s rr kPa 
int. adv. media without residual with residual that are chosen to satisfy the equilibrium and the boundary conditions and, thus, depend on SEF. By looking at the circumferential stretches in the individual layers, we can observe that only the intima is under compression, while the media and adventitia are under tension. This is captured in numerous experiments, although the adventitia can sometimes be under compression too [43] , which can be easily accounted for in this model. For convenience, the invariants I i , i ¼ 1, 4, n, and the average fibre strain E 4 are also illustrated (figure 2b). Since the fibres in the intimal layer are under compression (I (I) 4 , 1) in the loading/stress regime of the residual strains/stresses, they should not contribute to the overall mechanical response of the composite aorta. Thus, according to [17] , we must neglect the anisotropic term C 2 for this layer.
The resulting residual stresses for the SEFs C ¼ C 1 (isotropic) and C ¼ C 1 þ C 2 (anisotropic) can be found in figure 2c . Again, as the fibres in the intima are compressed, the residual stresses will be indistinguishable there (C 2 is ignored). As for the adventitia, even though the difference is minor, the contribution of the anisotropic term C 2 is noticeable, especially for axial residual stresses, which might be explained by the typical structure of the adventitia in the healthy abdominal aorta. Collagen fibres on average are close to the axial direction (a (A) ¼ 77.538) and are significantly undulated, so that their 'activation' at smaller strains is not compelling and primarily affects the axial direction. However, major differences between the anisotropic and the isotropic residual stresses can be observed in the media. Accounting for anisotropy significantly increases the magnitude of radial stresses s
rr , which can be explained by an additional stiffness of the structure (l (M) r are the same, see figure 2a ). In addition, the media is a layer where the radial stress reaches its peak value. Even though the principal stretch l (M) u is smaller for the anisotropic media described with C ¼ C 1 þ C 2 , the residual stresses along the circumferential direction are increased, because most of the fibres are aligned with it (a (M) ¼ 6.918). Much fewer fibres are oriented towards the axial directions causing a slight decrease in the magnitude of the axial residual stresses s
zz . To sum up, the contribution of the medial layer to residual stresses seems to be dominant in the healthy abdominal aorta, and the anisotropic term C 2 in the SEF C ¼ C 1 þ C 2 has a substantial effect on this layer. Its dominance may be attributed to the fact that the media has a large fraction of elastin fibres, which are often linked to residual stresses, while its collagen fibres, if present, are less undulated and are likely deformed even at the unloaded state. However, it will not be correct to assume that the anisotropic term C 2 comes entirely from the collagen fibres, as there are not that many of them in the media to cause such a remarkable contribution to residual stresses. In fact, it was demonstrated that purified elastin networks posses significant anisotropic properties [28] and cannot be modelled with isotropic constitutive models [29] such as the neoHookean material model (C ¼ C 1 ). Hence, it is vital to note that C 2 includes both collagen and elastin anisotropies. Particularly, elastin anisotropy is dominant in the media at smaller strains, and collagen anisotropy is dominant in both the media and adventitia at larger strains. Finally, the dominance of the medial contribution to the residual stresses is well reflected in our model, where the parameters b and l (M) vary according to the fibre orientation and the dispersion.
As required by the mathematical model, the radial stress is continuous across the interfaces, but both circumferential and axial stresses experience jumps at the intima-media and media-adventitia borders. These stress jumps are present for both SEFs C ¼ C 1 (isotropic) and C ¼ C 1 þ C 2 (anisotropic) due to material heterogeneity of the wall and a difference in the layers' residual deformations. However, the presence of the anisotropic term C 2 allows us to better account for the microstructural heterogeneity between the layers. The adventitia is characterized by low elastin/high collagen content; the media, in contrast, contains a high amount of elastin and a lower amount of collagen. As can be seen from table 1, the two layers also have diametrically opposed mean fibre orientations, i.e. a (A) ¼ 77.538 and a (M) ¼ 6.918. This difference in the microstructure can affect the stress state in arteries even at smaller deformations and should be reflected in the model of residual stresses via the anisotropic term. Similarly, although the intima is a very thin layer, which is under compression (I 4 , 1) when unloaded, it still has its own distinctive microstructure, different from the media, which leads to stress jumps. Excessive stress gradients at the interface might cause intima buckling, its delamination from the media and even dissection [34] . When the term C 2 is considered, the gap between the circumferential stresses lessens, which suggests a lower risk of delamination for healthy aortas (figure 2c).
Inflation-extension of the aorta
The stress state of a loaded artery when subjected to blood pressure is significantly affected by the presence of residual stresses. One way to account for residual stresses in the calculation of in vivo stresses is to modify the solution procedure of the problem by introducing the pressure P into the following boundary condition s
rr (a I ) ¼ P [36] . However, the loaded geometry is often not known, so it is usually assumed to be the same as the unloaded one. A more accurate way to account for residual stresses is to use the multiplicative decomposition rule, and split the deformations into two stages-residual deformations and the loading itself, as it is done, for example, in [44, 45] (we omit a detailed discussion here-for details see electronic supplementary material, §3). This approach also allows for a direct comparison of the stress state of the loaded artery with and without residual stresses. Finally, we note here that for the loaded artery it is redundant to discuss the contribution of the anisotropic term C 2 in the SEF C ¼ C 1 þ C 2 because the isotropic SEF C ¼ C 1 is not capable of capturing the realistic mechanical response, and should not be used when simulating loaded arteries. Figure 2d illustrates stresses in the aorta subjected to an inner pressure of 213.33 kPa (100 mmHg) and an axial elongation of l z ¼ 1.068, with and without the contribution of residual stresses, shown in figure 2a (C ¼ C 1 þ C 2 ) . The chosen value for the pressure corresponds to the mean arterial pressure of 100 mmHg typically lying between the systolic and the diastolic pressures of 80 and 120 mmHg, respectively. Since the average age of the patients with healthy abdominal aortas reported in [17] is 63 years, we calculated the axial prestretch using the regression equation from [46] 20.1952 . Coordinates {r, q, z}, the basis {e r , e q , e z } and the corresponding stress tensor components s rr , s, s zz are used to describe the loaded configuration, while the undeformed geometry for the artery without residual stresses is assumed to be the same as the load-free geometry of the artery with residual stresses (see table 1 for geometrical values and [44, 45] for modelling details).
The first striking difference between the loaded artery with and without residual stresses is the layer that bears most of the stress due to inflation and extension. In the artery without residual stresses, this layer is the intima, which is compressed across the thickness and is under significant tension both axially and circumferentially (figure 2d). However, as is normally accepted, it is the media that bears most of the physiological load, which is clearly reflected in figure 2d for the circumferential sand the radial s rr principal stresses when we include residual deformations. As for the axial principal stresses s zz , for our particular simulation, the adventitia seems to bear a significant amount of residual stresses, which can be explained by the adventitia mean fibre direction along z (a (A) ¼ 77.538) and the high value of l z that might activate the fibres at lower strains than often assumed. The large difference found when including residual stresses, in particular for the intima layer, can be attributed to the fact that the model without residual stresses does not account for the intima being highly compressed in the load-free configuration (I (I) 4 , 1), sometimes to such extent that even after loading it remains compressive (figure 2d).
There are a few controversial findings emerging from our results. The classical derivations for the loaded arteries postulate that [45] : (i) circumferential and axial principal stresses decrease from the innermost part of the aortic wall, where the pressure is applied, to the outermost part of the aortic wall; (ii) circumferential stresses become more uniform or homogenized across the thickness of the aorta due to residual stresses. From figure 2d, medial sand s zz are monotonically increasing from the inner to the outer edge of the layer, which is in disagreement with (i). It must be noted that the classical postulates were obtained based on the investigation of a rabbit aorta, modelled with insignificant residual deformations and high loading deformations, which contrasts to what we found for human abdominal aortas. Finally, if one uses the kinematics of the intact human abdominal aorta (table 1) and employs Fung's material model with rabbit material parameters [44, 45] , the same result is found, medial sand s zz increase monotonically. Similar observations of increasing rather than decreasing axial and circumferential stresses have been made for models of coronary arteries [47, 48] , veins [49] and thoracic aortas [50] .
As for postulate (ii), it is not clear whether the transmural stresses became more uniform due to residual stresses or not. The interval of the stress determination definitely narrowed (see, for example, s), however upon calculation of the mean principal stresses we did not detect any significant variation between the stresses for the loaded arteries with and without residual stresses. Nevertheless, stress transitions for the loaded artery with residual stress seem to be more gradual, which is in partial agreement with (ii).
Effect of varying mechanical and structural properties parameters on the residual stress distribution
Now, after justifying the need for the anisotropic term C 2 for an accurate description of residual stresses in the abdominal aorta as well as the effect of residual stresses on the loaded artery, let us focus on a variety of residual stresses produced by varying the mechanical and microstructural properties parameters. Previous residual stresses (figure 2c,d) were plotted for the median values (Q 2 ) of the structural and mechanical parameters of the abdominal aorta. By plotting the residual stresses obtained for the lower (Q 1 ) and upper (Q 3 ) quartiles in addition to the median (Q 2 ), we can investigate the influence of varying properties for the abdominal aorta within the range of experimental values. The visual comparison of the residual stresses in figure 3a as well as the careful parameters' sensitivity analysis performed by the authors within the quartile intervals reveals the following: residual stresses can be very different in healthy abdominal aortas depending on stiffness and microstructure of the individual layers. These stresses may be purposely tuned during 
adv. media intact wall intact wall intact wall Figure 3 . Effect of varying material parameters for the abdominal aorta using the quartiles values (Q 1 , Q 2 and Q 3 ). Three-dimensional residual stresses approach (a) versus the classical opening angle method (b).
royalsocietypublishing.org/journal/rsif J. R. Soc. Interface 16: 20190029 remodelling processes in order to optimize the functioning of the aorta to the changing environment and restore its stability. One can note how the jumps in the stresses at the interface between media and adventitia become much higher for values of mechanical and structural parameters corresponding to the upper quartile Q 3 . These interface jumps, caused by a dramatic difference between the individual layers' residual deformations, mechanics and microstructure, are likely to be vital in reducing the stress gradient in the walls of the abdominal aorta, when subjected to physiological pressure fields, which may be protective against the risk of dissection.
4.3.4.
Comparison with the classical opening angle method on an intact wall Figure 3b depicts the residual stresses obtained via the opening angle problem for various structural and mechanical parameters (Q 1 , Q 2 and Q 3 quartiles). When compared to the residual stresses due to both circumferential and axial strains as well as the contact between intima, media and adventitia (figure 3a), we can deduce the following: large portions of stresses are not accounted for by the classical opening angle method, and the stress jumps at the layers interface are neglected.
Conclusion
The motivation for this study came from the observation that the different layers of an artery have dissimilar residual deformations in the axial and circumferential directions [12, 32, 33, 51] . Heterogeneity in the material properties is not sufficient to explain the difference and, thus, microstructure dissimilarities need to be considered as well. We accounted for them adopting the anistropic SEF from [35] . Several researchers have neglected the effect of anisotropy when deriving residual stresses claiming that the collagen fibres, associated with anisotropy, are not activated when the artery is unloaded, i.e. at lower strains. It is legitimate to do this for the intimal layer, which is highly compressed when unloaded, so that its fibres do not bear any load. However, this may not be the case for the other layers, i.e. for the adventitia, whose collagen fibres might be activated at low strain values, and for the media, which bears most of the loads in an artery in physiological conditions. While the media contains primarily elastin, the latter appears to show anisotropic behaviour even at small strains [28] , so that its behaviour is not entirely reflected by the isotropic term C 1 . Hence, it is vital to recognize that the anisotropic term reflects anisotropy both due to the direction of collagen fibres and to the characteristic structure of elastin. Additionally, the extent of the residual deformation appears to be relatively large for some tissues such as the human abdominal aorta, invalidating the assumption of 'small strains'. Furthermore, the anisotropic term C 2 allows us to link the mean fibre orientation and fibre dispersion of the media to its residual deformations via the parameters b and l
, providing us with a tool to differentiate between residual deformations of tissues with similar mechanical properties, but with a different microstructure. Finally, it allows us to have a better understanding of the stress gradients at the interfaces between layers.
Generally, we found that considering residual stresses significantly changes the stress state of the loaded artery. In the case of the abdominal aorta that we studied, the major portion of the stress is shown to be born by the media instead of the intima, when residual stresses are accounted for, in agreement with the current understanding. Specifically, residual stresses optimize the stress distribution in the loaded aorta to achieve better functionality. Some of the results we report for the human abdominal aorta in loaded conditions particularly a decrease in the circumferential and axial stresses in the media when residual stresses are accounted for are not in agreement with Fung's results, which were obtained for a rabbit aorta. We suggest that this may be due to the differences between rabbit and human aortic tissues, and to the fact that the properties used were obtained from tests performed at supra-physiologic stretches.
Using quartiles of mechanical and microstructural parameters for healthy abdominal aortas from [17] , we found considerable variability in the residual stresses between healthy patients. It should be considered that only 17 different aortas were considered, which might not be enough for a thorough statistical analysis, and the patients were not divided into subgroups according to age and sex, which could induce an additional variability. Finally, it should be noted that residual deformations and mechanical/ microstructural properties originated from different patients. The adopted mathematical model captures either circumferential or axial residual deformations observed in experiments on stress release for the individual layers of the aorta. The model does not lend itself to capture both deformations simultaneously so we selected the dominant type of deformation. The only alternative is the use of the finiteelement method to calculate the resulting residual stresses, as none of the existing analytical solutions are able to capture both deformations at the same time. Nevertheless, as discussed in the section on numerical results, the present mathematical model to capture residual deformation is more accurate than the existing analytic alternative-the opening angle method, even the multilayered one, which ignores any axial residual effects.
It could be very interesting to extend these results for the case of aneurysm tissues because residual stresses are intimately related to the remodelling processes that accompany aneurysm development. However, since the layers in an aneurysm become more and more indistinguishable with the progression of the pathology (especially for abdominal aortic aneurysms), they are usually not (or cannot be) separated for mechanical testing [17] . Moreover, to the best of the authors' knowledge, there are no experimental studies on residual deformations of abdominal aneurysms, but we hope that this work will motivate the readers to find new ways to investigate them despite the related challenges.
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